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Fig.3 Normalizedpressure perturbationevolutionas the vortex passes
out of the domain vs angle of incidence on boundary measured from
normal: - - - -, proposed zonal boundarycondition; and ÐÐ , Thompson
boundary condition.

an angle to the boundary as the initial condition. The waves propa-
gate toward the in¯ ow boundary. The boundary zone is 2.5 k wide
where k is the acoustic wavelength. Other boundary parameters are
Uol = 1.15c 1 , r ol = 0.035c1 / k , and fl in Eq. (5) is set so that
U (Xmax ¡ WUl

) = 0.01c 1 . The transverseboundaries are periodic.
Re¯ ection amplitudes are plotted in Fig. 3 as a function of angle.
The re¯ ected amplitudewould be zero for an ideal boundary condi-
tion. The zonal boundary condition is seen to perform signi® cantly
better than the Thompson boundary condition, especially at angles
away from normal incidence.

Re¯ ections are strongly dependent on zone size, and accuracy
may be increased by increasing the size of the zones.

Conclusions
A simple new zonal boundary condition has been proposed. It is

based upon the addition of dissipative and convective terms to the
compressible Navier±Stokes equations. The scheme has been ana-
lyzed using a one-dimensional model equation and validated with
two model problems. Boundary re¯ ections are very signi® cantly
reduced compared to the local boundary condition of Thompson.
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Introduction

I N the past, a numberof studies have examined the characteristics
of one-dimensional laminar stagnation-point diffusion ¯ ames

burning adjacent to solid fuel surfaces. The stagnation ¯ ow® eld in
these past studies has been created by free or forced convection,i.e.,
by buoyancy effects or by an air jet impinging on the fuel surface
(see, for example, Refs. 1 and 2). The focus of the current study is
to examine the characteristics of a diffusion ¯ ame established ad-
jacent to an in® nitely large rotating solid-fuel disk in the absence
of buoyancy forces. In this different type of one-dimensionaldiffu-
sion ¯ ame, the ¯ ow® eld is created by rotation of the fuel disk and
the viscosity of the gases next to the disk. For laminar, incompress-
ible, nonreacting ¯ ow, this problem is reduced to the well-known
von KÂarmÂan rotating disk problem.3 A similarity solution is possi-
ble, which is an exact solutionof the Navier±Stokes equations.Heat
transfer in a compressible ¯ ow adjacent to a rotating disk has been
treated by Ostrach and Thornton.4 The ® rst work involving com-
bustion of a rotating disk is by Vedha-Nayagam et al.,5 in which a
diffusion ¯ ame analysis has been performed under the assumption
of in® nitely fastkinetics. In the presentwork, we extend the analysis
to include a ® nite-rate chemical reaction and surface thermal radia-
tion loss. This enables us to study the question of ¯ ame extinction
and the ¯ ame behavior at low disk rotation rates. The ¯ ammability
of a rotating subject can be an important considerationin spacecraft
® re safety.

Theoretical Model
The combustion model used here assumes the following: a one-

step forward gas-phasereactionof secondorderoccurs near the fuel
surface, all gases and mixtures of gases follow the ideal gas law,
the product of density and viscosity is constant, the diffusioncoef® -
cientsof all gas speciesare equal, the speci® c heats of thegas species
are constant and equal, the Prandtl (Pr ) and Schmidt (Sc) numbers
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are constant, the pyrolysis of the solid fuel follows an Arrhenius
law, the temperature pro® le in the solid is one-dimensionaland ex-
ponential (i.e., the solid disk thickness is much larger than the solid
thermal-diffusional length), and gas-phase radiation is negligible.
These assumptions and the property values are the same as those
used in Refs. 1 and 2 so that proper comparison can be made to
assess the effects of different ¯ ow types on the ¯ ame.

The ¯ uid dynamics model used here is basically the same as that
in Ref. 4. It is an axisymmetric ¯ ow problem with three velocity
components. Zero gravity is assumed. The governing nondimen-
sional equations in cylindrical coordinates are the following:

f = 1
2
h 0 , h 0 0 0 + hh 0 0 = 1

2
(h 0 2 ¡ 4g2)

g 0 0 + hg 0 ¡ h 0 g = 0, (1/ Pr )h 0 0 ¡ hh 0 = q x

(1/ Sc)Y 0 0
f ¡ hY 0

f = x , (1/ Sc)Y 0 0
o ¡ hY 0

o = No x

with f (g ) = vr / (X r), g(g ) = v u (X r), h(g ) = ( q / q 1 )vz/ (X m 1 )1/ 2,
and h = T / T1 , where vr , v u , and vz are the velocity components in
the radial (r), tangential (u ), and axial (z) directions, respectively;
X is the rotation rate of the solid fuel in rad/s; Y f and Yo are the
mass fractionof fuel vapor and oxygen; and m 1 , q 1 , and T1 are the
kinematic viscosity, density, and temperature in the freestream, re-
spectively.The derivative( 0 ) is d/dg , where g is the nondimensional
axial distance given by the Howarth transformation

g = (X / m 1 )
1
2 * ( q

q 1 ) dz

The nondimensional reaction rate is given by x = DY f Yo exp
( ¡ E/ h ), D = B/ X , B is the modi® ed frequency factor in the gas-
phase reaction, and E is the dimensionlessactivation energy.

The boundary conditions at the surface (g = 0) are

h 0w = 0, gw = 1, Y 0f w = Schw (1 ¡ Y f w ), Y 0ow = Schw Yow

h 0w = ¡ Prhw [h w + L ¡ (cs/ cp )] + Sh 4
w

hw = ¡ A exp( ¡ Ew / h w )

where A = b/ ( q 1 l 1 X )1/ 2, b is the preexponential factor in sur-
face pyrolysis relation, L is the dimensionless latent heat, S =
( r ²T 3

1 / k 1 )( l 1 / q 1 X )1/ 2 , and ² is the emissivity of the solid.
The effect of background radiation on the burning process was in-
vestigated and found to be small. Therefore, it was neglected for
the current computations to facilitate comparisons with previous
¯ ame computations for forced and buoyant ¯ ow cases. Note that
S, the surface radiative loss parameter, is proportional to X ¡ 1/ 2. At
small rotation rate, S is ampli® ed and the rotation rate X plays a
similar role as the stretch rate in the stagnation ¯ ame problem.

The remaining ® ve boundaryconditionsare applied at freestream
(g ! 1 ). These are

h 01 = 0, g1 = 0, Y f 1 = 0

Yo1 = user speci® ed constant, h 1 = 1

Certain physical quantities must be chosen to solve this set of
equations.These include thingssuch as the ambient temperature,the
atmosphericcomposition,and the fuel to be burned.The atmosphere
is chosento be a nitrogenand oxygenmixtureat a temperatureof 300
K. The fuel is chosen to be polymethylmethacrylatefor consistency
with previous studies.The propertiesof the fuel and atmosphereare
the same as those used in Refs. 1 and 2.

The governingset of equationsis solvedbyusinganexplicit ® nite-
difference numerical scheme. A time-marching term is introduced
into the differential equations. Appropriate initial conditions are
chosen, and the scheme marches in time to a converged steady-
state ¯ ame solution or to an extinction solution. As with previous
work,1,2 grid and domain independencehavebeen checked.This so-
lution provides the three velocity components, the fuel and oxidizer
concentration levels, and the temperature distribution for the case
under investigation.

Results and Discussion
The computed temperature and species pro® les are found to be

qualitatively similar to those in the stagnation ¯ ame cases. The
computed velocity pro® les are also similar to that in Refs. 4 and 5.
Consequently, detailed ¯ ame structure will not be shown here. We
will concentrate our discussion on the global results from a para-
metric study varying the rotation rate, the ambient oxygen mass
fraction, and the solid emissivity.

For Y 1 = 0.2324 (air), the peak ¯ ame temperaturesas a function
of rotation rate are shown in Fig. 1 for both the case with surface
radiative loss (² = 1) and the case without surface radiative loss
(²= 0). Also presented for comparison are the ¯ ame temperatures
of the stagnation¯ ame in forced¯ ow(²= 1 only)as a functionof the
stretch rate a f . Note that to be able to present the results compactly
in one ® gure, the rotation rate coordinate used is X /12 instead of
X . Figure 2 shows that without radiative loss (but with ® nite-rate
kinetics), there exists a high rotation-rateblowoff limit as indicated
by the slope of h f approachingvertical. But the ¯ ame temperature

Fig. 1 Peak ¯ ame temperature as a function of rotationrate X for cases
both with (² = 1) and without (² = 0) surface radiative loss. Also shown
for comparison is the peak ¯ ame temperature for the purely forced-¯ ow
stagnation diffusion ¯ ame (² = 1) as a function of stretch rate af . The
oxygen mass fraction Yo1 = 0.2324 (air).

Fig. 2 Flammability boundaries for rotational and forced-stagnation-
¯ ow cases.
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increases with decreasing rotation rate and there appears to be no
extinction limit at low rotation rate. With radiative loss, ¯ ame tem-
perature drops at low rotation rate as a result of ampli® cation of
the surface radiative loss parameter S and a radiative quench limit
exists at suf® ciently low rotation rate. The existence of the blowoff
and quench limits with respect to rotation rate for this problem is
similar to those found previouslyin forced-¯ ow stagnation¯ ames,1

as shown in Fig. 1. However, the maximum ¯ ame temperature is
higher for the rotational case (7.4 at X = 156 rad/s) compared to
7.2 at a f = 15 1/s for the forced case. This has consequences for
the low oxygen limit, which is discussed next.

Using oxygen mass fraction and rotation rate, ¯ ammability
boundaries are shown in Fig. 2. For the rotational case, it consists
of a blowoff branch at high rotation rates and a radiative quench
branch at low rotation rates. The merging point (C) between the two
branchesde® nes the criticaloxygenlimit belowwhich the solid disk
will not be ¯ ammable at any rotationalrate. The shapeand the phys-
ical interpretationof this boundary is similar to the one derived in a
previous study of forced-¯ ow stagnationdiffusion ¯ ame,1 which is
also plotted in Fig. 2 for comparison.Despite the similarity of shape
between the two boundaries, the critical oxygen mass fraction for
the rotational case (as indicated by point C) is lower than that for
the forced ¯ ow case (as indicated by point C 0 ). This is consistent
with the ® nding in Fig. 1 that the maximum ¯ ame temperature for
the rotational case is higher.

In Ref. 2, the ¯ ammability boundary for buoyancy-inducedstag-
nation diffusion ¯ ame was compared to that for the forced-¯ ow
stagnation diffusion ¯ ame. The two boundaries can be collapsed
into one if a properlyde® ned buoyant stretch rate is adoptedand the
critical low oxygen limits are essentially the same for the two cases.
Thus, the critical oxygen limit for the rotational solid is lower than
that for the solid in buoyant ¯ ow as well.

An additional remark can be made on the in¯ uence of gas (¯ ame)
radiation. The recent addition of ¯ ame radiation to the model in
Ref. 1 indicates a slight shift of the quenching boundary.6 But for
solid fuel with high surface temperature, the surface radiative loss
dominates and this modi® cation is very modest. We expect that the
comparison between the rotational case and the forced and buoyant
stagnation ¯ ame cases will remain true when ¯ ame radiation is
included.

Concluding Remarks
Diffusion ¯ ame adjacent to a large, rotating solid fuel disk in

the absence of buoyant force is modeled and numerically solved
in this work. Similar to the conventionalstagnation diffusion ¯ ame
problems, the temperatureandspeciesdistributionsof this rotational
¯ ame are found to be one dimensional.5 But unlike the stagnation-
point problems,where the ¯ ow is two dimensional,driven either by
inertia (forced convection)or by buoyancy, the ¯ ow in this problem
is threedimensional,drivenby a rotatingsolid throughgas viscosity.

With the inclusionof a one-step ® nite-rategas-phasereactionand
a surface radiative loss term, the model predicts the existence of a
blowoff extinction limit at high rotation rate because of insuf® cient
gas residence time and a quenching limit at low rotation rate be-
cause of excessive radiative loss. The existence of these limits and
the general ¯ ame behavior are similar to those in stagnation-point
diffusion ¯ ames studied previously, with rotation rate playing the
role of stretch rate. However, the different ¯ ow® eld producesan im-
portant quantitative difference: the critical low oxygen percentage
that can sustain a solid-fuel diffusion ¯ ame in the rotational case is
lower than those in the stagnation ¯ ame cases. This suggests that a
slow-rotating solid in a quiescent ambient can be more ¯ ammable
than a stationary solid in a ¯ owing stream, a result that should have
implications for ® re safety considerationin spacecraft.An ongoing
research project may provide the needed experimental data for this
prediction.
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Introduction

T HE orthogonalization of measured modes has been treated
by Targoff,1 Baruch and Bar-Itzhack,2 and others. In Ref. 2

a closed-formsolution has been found by minimization of the mass
weighted distancebetween the orthogonalizedand measured modes
(see also Refs. 3 and 4). Recently, Zhang and Zerva5 introduced a
method in which they obtained the solution by minimization of the
nonweighteddistancebetween the orthogonalizedand the measured
modes. Here arises the interesting question: what is the right way
to measure the distance between two matrices? The questionof dis-
tance between two matrices is directly connected with the notion
of length of a vector. The concept of length of a vector in static or
dynamic surroundings is treated in Refs. 6 and 7.

Generalized Orthogonalization
Following Refs. 6 and 7 the generalized distance between two

vectors V and Z can be de® ned as

D `2
= (V ¡ Z)t W (V ¡ Z) = II W

1
2 (V ¡ Z) II (1)

where k ¢ k symbolizes the Euclidean norm and W is a positive
de® nite matrix. Equation (1) can be generalized also for matrices.

Let W1(n £ n) and W2(n £ n) be two positive de® nite symmetric
matrices. The generalized distance between the measured and the
orthogonalizedmode shapes will be in respect to W1 , and the mode
shapes will be orthogonalized in respect to W2 so that

X t W2 X = I (2)

where X (n £ m) are the orthogonalized mode shapes, n are the
degreesof freedomof the structure,andm is the numberofmeasured
mode shapes.

Before the minimization process, every measured mode shape
must be normalized:

Ti = ÄTi ( ÄT t
i W2

ÄTi
) ¡ 1

2 i = 1 ¡ m (3)
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